Abstract In this paper, we give a necessary and sufficient condition for the integrality of Cayley graphs over the dihedral group D n = a, b | a n = b 2 = 1, bab = a −1 . Moreover, we also obtain some simple sufficient conditions for the integrality of Cayley graphs over D n in terms of the Boolean algebra of a , from which we find infinite classes of integral Cayley graphs over D n . In particular, we completely determine all integral Cayley graphs over the dihedral group D p for a prime p.
Introduction
A graph X is said to be integral if all eigenvalues of the adjacency matrix of X are integers. The property was first defined by Harary and Schwenk [10] , who suggested the problem of classifying integral graphs. This problem initiated a significant investigation among algebraic graph theorists, trying to construct and classify integral graphs. Although this problem is easy to state, it turns out to be extremely hard. It has been attacked by many mathematicians during the past 40 years and it is still wide open.
Since the general problem of classifying integral graphs seems too difficult, graph theorists started to investigate special classes of graphs, including trees, graphs with bounded degrees, regular graphs, and Cayley graphs. The first considerable result on integral trees was given by Watanabe and Schwenk in [18] and [19] . Then many mathematicians constructed some infinite classes of integral trees with bounded diameters ( [4, 6, 17] ). It is heartening that Csikvári [7] constructed integral trees with arbitrary large diameters. With regard to integral regular graphs, the first significant result was given by Bussemaker and Cvetković [5] in 1976, which showed that there are only 13 connected cubic integral graphs. About 20 years later, in 2000, Stevanović considered the 4-regular integral graphs avoiding ±3 in the spectrum and gave the possible spectra of 4-regular bipartite integral graphs without ±3 as their eigenvalues in [16] . Recently, Lepović [13] proposed that there exist exactly 93 non-regular, bipartite integral graphs with maximum degree 4.
The spectra of Cayley graphs over dihedral groups
First of all, we review some basic definitions and notions of representation theory for latter use.
Let G be a finite group and V a n-dimensional vector space over C. A representation of G on V is a group homomorphism ρ : G → GL(V), where GL(V) denotes the group of automorphisms of V. The degree of ρ is the dimension of V. Two representations ρ 1 : G → GL(V 1 ) and ρ 2 : G → GL(V 2 ) of G are called equivalent, written as ρ 1 ∼ ρ 2 , if there exists an isomorphism T : V 1 → V 2 such that T ρ 1 (g) = ρ 2 (g)T for all g ∈ G.
Let ρ : G → GL(V) be a representation. The character χ ρ : G → C of ρ is defined by setting χ ρ (g) = T r(ρ(g)) for g ∈ G, where T r(ρ(g)) is the trace of the representation matrix of ρ(g) with respect to some basis of V. The degree of the character χ ρ is just the degree of ρ, which equals to χ ρ (1). A subspace W of V is said to be G-invariant if ρ(g)w ∈ W for each g ∈ G and w ∈ W. If W is a G-invariant subspace of V, then the restriction of ρ on W, i.e., ρ |W : G → GL(W), is a representation of G on W. Obviously, {1} and V are always G-invariant subspaces, which are called trivial. We say that ρ is an irreducible representation and χ ρ an irreducible character of G, if V has no nontrivial G-invariant subspaces. One can refer to [14] for more information about representation theory.
If we build synthetically a vector space CG whose basis consists of the elements of G, i.e.,
The following result about regular representation is well known.
Lemma 2.1 ( [14]
). Let L be the regular representation of G. Then 
Suppose that X = X(G, S ) is an undirected Cayley graph without loops, that is, S is inverse closed and does not contain the identity. Let L be the regular representation of G, and R(g) the representation matrix corresponding to L(g) for g ∈ G. Babai [3] expressed the adjacency matrix of X(G, S ) in terms of R(g).
Lemma 2.2 ( [3]
). Let G be a finite group of order n, and let S ⊆ G \ {1} be such that
Then the adjacency matrix A of X(G, S ) can be expressed as A = s∈S R(s), where R(s) is the representation matrix corresponding to L(s).
Let ρ 1 , . . . , ρ h be all non-equivalent irreducible representations of G with degrees
Denote by R i (g) the representation matrix corresponding to ρ i (g) for g ∈ G and 1 ≤ i ≤ h. Therefore, by Lemma 2.1,
which means that there exists an orthogonal matrix P such that
for each g ∈ G. Therefore, we have
Thus we have

Lemma 2.3 ( [3]). The spectrum of X(G, S ) is given by
where
Denote by D n = a, b | a n = b 2 = 1, bab = a −1 the dihedral group of order 2n. Now we list the character table of D n . 
where m = 2 if n is odd and m = 4 otherwise, and
Let A, B be two subsets of a group G. For any character χ of G, we denote χ(A) = a∈A χ(a) and χ(AB) = a∈A,b∈B χ(ab). Particularly, χ( 
2 is a square number.
Then the spectrum of X(D n , S ) presented in (1) can be rewritten as
First suppose that X(D n , S ) is integral. From (2), we know that χ h (S 1 ) and
2 ) must be integers, and thus (i) holds. Since µ h1 and µ h2 are integers, and they are also the roots of the following quadratic equation:
2 must be a square number, and thus (ii) follows.
Next suppose that (i) and (ii) hold. Then the solutions µ h1 and µ h2 of (3) must be rational. This implies that µ h1 and µ h2 must be integers because they are algebraic integers. Additionally, the eigenvalues λ i are always integers. Hence X(D n , S ) is integral.
Let C n = a be the cyclic group of order n. It is well known in [14] that the irreducible characters of C n can be presented by
Particularly, φ 0 (a k ) = 1. By Schur's lemma, we have
Theoretically, Theorem 2.2 gives a necessary and sufficient condition for the integrality of Cayley graphs over dihedral groups. As an application of Theorem 2.2 we give a class of integral X(D n , S ). 
Corollary 2.1. For odd number m, let D
In the next section, we will simplify the result of Theorem 2.2 and provide infinite classes of integral Cayley graphs over dihedral groups in terms of Boolean algebra on cyclic groups.
The necessary and sufficient condition for the integrality of X(D n , S )
Alperin and Peterson [2] give a necessary and sufficient condition for the integrality of Cayley graphs over abelian groups, in which they introduce some notions such as Boolean algebra and atoms for a group. Let G be a finite group, and F G the set consisting of all subgroups of G. Then the Boolean algebra B(G) is the set whose elements are obtained by arbitrary finite intersections, unions, and complements of the elements in 
We say that a subset S ⊆ G is integral if χ(S ) = s∈S χ(s) is an integer for every character χ of G. From Lemma 2.3 we know that S must be an integral set if the Cayley graph X(G, S ) is integral. The following elegant result gives a simple characterization of integral Cayley graphs over the abelian group G by using integral set and atoms of B(G).
Theorem 3.1 ( [2], Theorem 5.1 and Corollary 7.2). Let G be an abelian group. Then S ⊆ G is integral iff S ∈ B(G) iff S is a union of atoms of B(G) iff X(G, S ) is integral.
However, the result of Lemma 3.1 is not true for non-abelian group, and is not true for dihedral group. Notice that the dihedral group D n is the semidirect product of cyclic group C n by C 2 , i.e., D n = C n ⋊ C 2 . In what follows we characterize integral X(D n , S ) by using the Boolean algebra of the cyclic group C n .
Let S be a subset of G. 
..,g k the multi-set with multiplicity function m g 1 ,g 2 ,...,g k , where
, k ∈ N} to be the collection of all multi-sets such as S m g 1 ,g 2 ,...,g k , which is called the integral cone over B(G). By Theorem 3.1, T is an integral set of the abelian group G iff T ∈ B(G). First we generalize this result to integral multi-set T µ by using the similar method. Since the set of v [a] , [a] is an atom, is a linear independent set; hence it is also a basis
Remark 1.
In fact, Matt et al. [9] noticed this property when they consider the integral Cayley multigraphs.
Lemma 3.2. Let U be a multi-set of integers satisfying U = −U, and let n, h be two positive integers. Then u∈U cos 2huπ n
= u∈U e 2huπi n .
Proof. Since U = −U, we have u∈U e 
Proof. Since T m is inverse-closed, there exists a multi-set U = −U of integers such that T m = {a u | u ∈ U}. By Lemma 3.2, we have
Thus (1) holds.
Notice that both χ h (T m ) and φ h (T m ) are algebraic integers, we claim that
]. By Lemma 3.2, we have
is an integer. Also note that φ 0 (T m ) and φ n 2 (T m ) (for even n) are always integers. It follows (2) .
By Lemmas 3.1 and 3.3, we have the following result. 
] if and only if T ∈ B( a ).
Recall that the atom of B(G) containing g ∈ G has the form [g] = {x | x = g , x ∈ G}. Thus, for cyclic group a of order n, the atom of B( a ) containing a d ∈ a , where d|n, can be presented as [
where (l, n) stands for the greatest common divisor of l and n.
].
Proof. Without loss of generality, suppose that
We complete the proof.
From Theorem 3.2 and Lemma 3.4, we get the following corollary immediately. Using these preparations above, the result of Theorem 2.2 can be simplified as the following theorem. S 1 )) 2 . Therefore,
]. Conversely, suppose that S 1 ∈ B( a ) and 2χ h (S Theorem 3.3 gives a criterion to find integral X(D n , S ), from which we get infinite classes of integral Cayley graphs over dihedral groups in the following corollary.
Proof. By Theorem 3.3, it suffices to show that 2χ h (S 2 2 ) is a square number for all 1 ≤ h ≤ [ n− 1 2 ]. Since bS 2 ∈ B( a ), bS 2 and S 2 can be written as
for some d i |n where i = 1, . . . , k. Therefore,
is a square number.
Corollary 3.2 gives an explicit condition for the integrality of X(D n , S ). However, this sufficient condition is not necessary. We will give a counterexample in Example 1. For this purpose, we need to introduce the famous Remanujan sum. Let s ≥ 0, n ≥ 1 be two integers, the Remanujan sum is defined by c(s, n) = (k,n)=1 e 2skπ n i , which is known as an integer (see [8] for reference):
where ϕ(·) and µ(·) are the Euler's totient function and Möbius function respectively. The Euler's totient function ϕ(n) of a positive integer n is defined as the number of positive integers less than and relatively prime to n. The Möbius function µ(n) of a positive integer n is defined by
Therefore, it is easy to see that c(s, n) = µ(n) if (s, n) = 1 and c(s, n) = ϕ(n) if (s, n) = n.
be the dihedral group, and
which is a multi-subset with multiplicity function: ]. Moreover,
Next we present a necessary condition for the integrality of X(D n , S ). Unfortunately, the necessary condition given in Corollary 3.3 is not sufficient yet. We present a counterexample below. 
Therefore, by Lemma 3.1, S c(h, 7) ). If 7 ∤ h, then (h, 7) = 1 and so c(h, 7) = µ(7) = −1. It means that 2χ h (S Although the integral Caylay graphs over dihedral group are completely characterized by Theorem 3.3, it seems difficult to evidently give all integral X(D n , S ). In the next section we will determine all integral X(D n , S ) for n being a prime.
Integral Cayley graphs over D p
Let D n = a, b | a n = b 2 = 1, bab = a −1 be the dihedral group of order 2n, and let In what follows, we focus on 2-integral S 
By counting the number of elements of S 
From (8) and (9) we have h, n 2 ) ).
Now we consider the sufficiency. Suppose that there exists some i such that n 2 = p i , and t = p i − 1 or p i . For any h satisfying (h, n 2 ) = 1, from (10) we have
Thus φ h (S 
